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We update and refine the work of T. Hamada concerning *-Einstein hypersurfaces 
CO ] in CP n and CH n . We also address existence questions using the methods of moving 

frames and exterior differential systems. 

o 

1 Introduction 

The notion of *-Ricci tensor for an almost-Hermitian manifold was introduced by Tachibana 
[T6] in 1959 and later used (along with the related concept of *-Einstein) in work on the 
Goldberg conjecture (see, for example, Oguro and Sekigawa [15]). These ideas also apply 
naturally to contact metric manifolds, and in particular, to hypersurfaces in complex space 
forms, where they were introduced by T. Hamada [3]. In this paper, we refine, clarify, and 
extend some of Hamada's work, specifically the classification of *-Einstein hypersurfaces in 
complex space forms. See, in particular, Theorem [31 

Takagi [17], for CP™, and Montiel [13], for CH n , catalogued a specific list of real hypersur- 
faces, which we call "Takagi's list" and "Montiel's list" in [13]. These are the homogeneous 
Hopf hypersurfaces. They have constant principal curvatures and every Hopf hypersurface 
with constant principal curvatures is an open subset of one of them. 

Many theorems have been published characterizing these lists or subsets of them. For 
example, the pseudo-Einstein hypersurfaces, introduced by Kon [10], form such a subset. 
The same subset is characterized as the the set of Hopf hypersurfaces satisfying a certain 
condition on the Ricci tensor (known as pseudo-Ryan in the literature). This has been 
known for n > 3 since 1990 (see Theorems 6.1, 6.2, and 6.30 of [I3])- In Theorem [61 we 
prove this result for n = 2. We also prove that the *-Einstein and pseudo-Ryan conditions are 
equivalent for Hopf hypersurfaces when n = 2, thus giving us three distinct characterizations 
of this class of hypersurfaces. 

It would be of interest to find additional classes of hypersurfaces, that could be "nicely" 
characterized, but this seems to be a difficult problem. In this paper, we establish the 
existence of a family of non-Hopf pseudo-Ryan hypersurfaces in CP 2 and CH 2 , and prove 
that (in contrast to the Hopf case), the set of non-Hopf pseudo-Ryan hypersurfaces is disjoint 
from the set of non-Hopf *-Einstein hypersurfaces; see Theorem [11] and Corollary [31 We hope 
that this result will lead to further refinements of these conditions that can be characterized 
geometrically. 
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In Sj5j we construct a family of Hopf hypersurfaces that are not *-Einstein, but satisfy 
a weakened form of the *-Einstein condition. These examples show that the constancy of 
the *-scalar curvature is an essential assumption in the definition of the *-Einstein condi- 
tion, unlike the situation in the definition of "ordinary" Einstein manifold. Finally, as a 
further application of our methods, in §6.41 we provide a new construction for the non-Hopf 
hypersurfaces in CH 2 with constant principal curvatures which were classified by Berndt and 
Diaz- Ramos pp. 

In what follows, all manifolds are assumed connected and all manifolds and maps are 
assumed smooth (C°°) unless stated otherwise. Basic notation and historical information 
for hypersurfaces in complex space forms may be found in [TJ]. For more on moving frames 
and exterior differential systems, see the monograph [2] or the textbook [5]. 

1.1 Complex space forms and the *-Ricci tensor 

Throughout this paper, we will take the holomorphic sectional curvature of the complex 
space form in question to be 4c. The curvature operator R of the space form satisfies 

R(X,Y) = c(X AY + JX A JY + 2(X, JY)J) (1) 

for tangent vectors X and Y (cf. Theorem 1.1 in [H]), where X AY denotes the skew-adjoint 
operator defined by 

{X A Y)Z = (Y, Z)X - (X, Z)Y. 

We will denote by r the positive number such that c = ±l/r 2 . This is the same convention 
as used in ([H], p. 237). 

A real hypersurface M in CP™ or CH™ inherits two structures from the ambient space. 
First, given a unit normal £, the structure vector field W on M is defined so that 

JW = £, 

where J is the complex structure. This gives an orthogonal splitting of the tangent space as 

span{IY} © W L . 

Second, we define on M the skew-symmetric (1,1) tensor field (p which is the complex 
structure J followed by projection, so that 

(pX = JX - (X,W)£. 

Recall that the type (1,1) Ricci tensor of any Riemannian manifold is defined by the 
equation 

(SX, Y) = trace {Z ^ R(Z, X)Y} (2) 

where X, Y, and Z are any tangent vectors and R is the curvature tensor. In case of a 
Kahler manifold, it is not difficult to show that 

(SX, Y) = \ (trace {J o R(X, JY)}). (3) 
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(see [9], p. 149). This led Tachibana and others to consider, on any almost-Hermitian 
manifold, the *-Ricci tensor S*, which may be defined by the same formula, 

(S*X, Y) = |(trace {J o R(X, JY)}) (4) 

and to define a space to be *-Einstein if (S*X, Y) is a constant multiple of (X, Y) for all 
tangent vector fields X and Y. 



2 Basic equations for hypersurfaces 

In this and subsequent sections, we follow the notation and terminology of [14]: M 2n_1 
will be a hypersurface in a complex space form M (either CP™ or CH n ) having constant 
holomorphic sectional curvature 4c ^ 0. The structures £, W, and <p are as defined in the 
Introduction. The (2n — 2)-dimensional distribution W 1 - is called the holomorphic distri- 
bution. The operator (p annihilates W and acts as complex structure on W x . The shape 
operator A is defined by 

AX = -Vx£ 

where V is the Levi-Civita connection of the ambient space. The Gauss equation expresses 
the curvature operator of M in terms of A and (p, as follows: 

R(X, Y) = AX A AY + c(X AY + ipX A (pY + 2 (X, <pY) <p) , (5) 

and from this we see that the Ricci tensor is given by 

SX = (2n + l)cX - 3c(X, W)W + mAX - A 2 X, (6) 

where m = trace A. In addition, it is easy to show (see [TJ], p. 239) that 

V X W = ipAX, (7) 

where V is the Levi-Civita connection of the hypersurface M. 

Following Hamada [4J, we define the *-Ricci tensor S* on M by 

(S*X, Y) = |(trace { V o R(X, <pY)}), (8) 

and the *-scalar curvature p* to be the trace of S*. We say that the hypersurface M is 
*-Einstein if p* is constant and 

< s * x ' y > = 2(£T)< x ' y > (9) 

for all X and Y in the holomorphic distribution W^. 
We define the function 

a = (AW,W). 

The hypersurface is said to be Hopf if the structure vector W is a principal vector, i.e. 
AW = aW, and we refer to a as the Hopf principal curvature. It is important to recall that 
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the Hopf principal curvature is constant (see Theorem 2.1 in [14J). Of course, a need not be 
constant for a non-Hopf hypersurface. 

We also recall the notion of pseudo-Einstein hypersurface. A real hypersurface M in CP™ 
or CH™ is said to be pseudo-Einstein if there are constants p and o such that 

SX = P X + a(X, W)W 

for all tangent vectors X. 

2.1 *-Einstein hypersurfaces in the Takagi and Montiel lists 

We first note which hypersurfaces in the Takagi and Montiel lists are *-Einstein. According 
to the standard terminology (see, for example [Hj, pp. 254-262), the lists are broken down 
into "types" Al, A2, AO, B, C, D, and E. The situation is as follows: 

Theorem 1. Among the homogeneous Hopf hypersurfaces M 2n ~ l in CP™ and CH™ ; where 
n > 2 (i.e. Takagi 's and Montiel's lists), 

• All type Al, AO and B hypersurfaces are *-Einstein, 

• A type A2 hypersurface is *-Einstein if an only if it is a tube of radius f r over CP fc 
where 1 < k < n — 2, 

• No type C, D, or E hypersurface is ^-Einstein. 

In other words, geodesic spheres in CP™, geodesic spheres, horospheres, and tubes over 
CH n_1 in CH™ are *-Einstein, but except for that, there is just one special case. Note also, 
that the same classification holds locally. In other words, an open subset of a hypersurface 
M in the Takagi/Montiel lists is *-Einstein if and only if M is. 

Theorem [T] can be proved in a routine manner once we collect and verify a few facts. We 
will do this at the end of Section El 

2.2 Computation of the *-Ricci tensor 

In this section, we derive an expression for the *-Ricci tensor of a hypersurface and discuss 
the implications for Hopf hypersurfaces. 

Theorem 2. For a real hypersurface M 2n ~ l in CP™ or CH™, where n > 2, 

S* = -(2nc(p 2 + {(pA) 2 ). (10) 

Furthermore, 

• If M is Hopf, then S* is symmetric and S*W = 0. 

• If M is Hopf and a = 0, then S*X = (2n + l)cX for all X G W L , and p* = 
2(n — l)(2n + l)c. In particular, M is *-Einstein. 
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Proof. We recall that for any linear functional ip on a finite-dimensional vector space, the 
trace of the map 

v I—)- ip(v)u 

is ip(u). When we use the Gauss equation (J5]) to compute R(X, pY)pZ, the first term is 

(AX A ApY)pZ = {AtpY, pZ) AX - (AX, ipZ) AtpY, (11) 

so that 

trace (AX A ApY) o ip = (AtpY, pAX) - (AX, pApY) = -2 ((pA) 2 X, Y) . 
Similarly, the other terms in the Gauss equation give 

(X A (pY + pX A <p 2 Y + 2 (X, p 2 Y) p)pZ = 

(<pY, ipZ) X - (X, pZ) cpY + (cp 2 Y, ipZ) tpX - (tpX, tpZ) p 2 Y + 2 (X, ip 2 Y) cp 2 Z 

so that 

trace c(X A (pY + <pX A (p 2 Y + 2 (X, <p 2 Y) <p) o (p = 

c((<pY, tpX) - (X, <p 2 Y) + {ip 2 Y, ip 2 X) - (<pX, <p 3 Y) + 2 (X, <p 2 Y) trace ip 2 ). 

Noting that (p A = —ip 2 and trace ip 2 = —2(n — 1), we find that 

(S*X, Y) = — {(2nc^ 2 + (^Af )X, Y) . (12) 

Now it is clear that S* is symmetric if and only if (ipA) 2 = (Aip) 2 . In case M is Hopf, we 
make use of the identity ([H] p. 245) 

a 

AipA = -(Aip + ipA) + c<p (13) 

to reduce this condition to ^(Aip 2 ) = ^(<p 2 A). Since spanjiy} and W 1 - are A-invariant, we 
can use the fact that ip 2 is zero on W and acts as —I on W 1 - to verify that Aip 2 = tp 2 A, and 
hence conclude that S* is symmetric. 

Finally, since ipAW = for a Hopf hypersurface, we have S*W = 0. Further, if a = 0, 
then applying <p to (Tl~3~]) shows that (ipA) 2 X = —cX for all X e W^. This yields the desired 
results for S* and p*. □ 

3 *-Einstein Hopf hypersurfaces 

In this section, we discuss the converse of Theorem [U Must every *-Einstein Hopf hyper- 
surface occur in the lists of Takagi and Montiel? The answer is no, but almost. Specifically, 
we have, 

Theorem 3. Let M 2n ~ x , where n > 2, be a *-Einstein Hopf hypersurface in CP™ or CH™ 
whose Hopf principal curvature a is nonzero. Then M is an open subset of a hypersurface 
in the lists of Takagi and Montiel. 
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Remark 1. This corrects Theorems 1.1 and 1.2 of |4J, where the case a = was overlooked. 
We will show that all Hopf hypersurfaces with a = are *-Einstein. In CP™, for instance, 
this includes every hypersurface that is a tube of radius f r over a complex submanifold. 
Also, all pseudo-Einstein hypersurfaces in CP 2 and CH 2 are *-Einstein. Many of these have 
non-constant principal curvatures; see [8] and [6]. 

We now prove Theorem [3j 

Proof. For any unit principal vector X G W 1 - with corresponding principal curvature A, it 
follows directly from ([13} that (A - fjAipX = + c)ipX. If A ^ f , then ipX is also a 
principal vector with corresponding principal curvature v where 

\v = + c. (14) 

We also note that ^ cannot be a principal curvature unless a 2 + 4c = 0. 

First look at the case where a 2 + 4c ^ 0. Pick a point p G M where a maximal number 
of eigenvalues of A (restricted to W^) are distinct. This guarantees that the principal 
curvatures have constant multiplicities in a neighborhood of p, and are therefore smooth. 
Let V C T p M be a principal space corresponding to a principal curvature A. Then tpV is a 
principal space with corresponding principal curvature v satisfying ( fl~4"l) . If span{V, tpV} = 
W 1 - at p, then (ipA) 2 X = —\vX for all X G W L . Since M is *-Einstein, \v must be 
constant near p. Since a / 0, we see from f Tl4l) that A + v is constant as well. Thus A 
and v are constant near p. Note that this includes the case A = v. On the other hand, if 
span{V, ipV} 7^ W 1 - at p, we can construct (at least) two such such pairs {A, z/} and {A, u}. 
However, the *-Einstein condition guarantees that {<pA) 2 is a constant multiple of the identity 
on W- 1 -, so that Az/ = Az>, which leads to A + v = A + z>, and finally to {A, z/} = {A, z>}, which 
is a contradiction. 

We now consider the case where a 2 + 4c = 0, and choose p as above. One possibility is 
that AX = t^X for all X G H^" 1 . If this does not hold, suppose that A ^ ^ is a principal 
curvature at p, and that X is an associated principal vector. Then AipX = ^(pX since (fl4l 
reduces to 

(A-|)(^-|) = 0. (15) 

Because M is *-Einstein, (y9A) 2 y = — X^Y for all K G W 7-1 and A is constant near p. In 
particular, if AY = this leads to AipY = XipY. Thus the principal spaces of A and 
Y have the same dimension and are interchanged by ip. Because of (fT5|) . there can be no 
principal curvatures other than A and ^. Again, M has constant principal curvatures near 
p. 

In all cases, p has a neighborhood with constant principal curvatures, which therefore 
must be an open subset of some member of Takagi's or Montiel's lists. For the case a 2 +4c = 
the only possibility that can actually occur is the horosphere and only a/2 occurs as a 
principal curvature on W L . Thus M is an open subset of a horosphere. For the case 
a 2 + 4c 7^ 0, the set where the principal curvature data (value and multiplicity) agree with 
those at p, is open and closed and therefore is all of M. It follows that M is an open subset 
of a specific member of one of these lists. 
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As a consequence of Theorems [2] and [31 Proposition 2.21 of [8] and Theorem 4 of [TJ, we 
have the following: 

Corollary 1. For a hypersurface M 3 in CP 2 or CH 2 , the following are equivalent. 

1. M is Hopf and *-Einstein; 

2. M is pseudo-Einstein; 

3. Cy/Rw = where Rw is the structure Jacobi operator of M and Cw is the Lie 
derivative in the direction of the structure vector W. 

Remark 2. The argument given in [4j for Theorem [3] begins as ours does, but leads to 
a quadratic equation with constant coefficients, that all principal curvatures on W 1 - must 
satisfy. Unfortunately, when a = 0, all coefficients vanish, so the proof is valid only when 
a 7^ is assumed. We have included our alternative proof in this paper because it establishes 
some facts that are useful for veryifying Theorem [TJ to which we now turn our attention. 

Proof of Theorem [TJ 

As we have seen in the proof of Theorem [3], one can check the *-Einstein condition on a 
Hopf hypersurface by examining the yj-invariant subspaces of the form span{V, fV}, where 
V C W 1 - is a principal subspace. In the Takagi-Montiel lists, the type A hypersurfaces have 
(^-invariant principal spaces. This means that (ipA) 2 , restricted to W- 1 , is a constant multiple 
of the identity for type Al and type AO hypersurfaces, so they must be *-Einstein. For type 
A2 hypersurfaces, however, W ± splits into two distinct ^-invariant principal subspaces, 
whose corresponding principal curvatures (Ai and A2, say) satisfy the quadratic equation 
A 2 = a A + a In order to satisfy the *-Einstein condition, we would need to have A 2 = A 2 ,, 
which is impossible unless a = 0. For type A2 hypersurfaces in CP n , a = only when 
the radius is |r, while for a type A2 hypersurface in CH n , a is nonzero for all radii. (See 
Theorems 3.9 and 3.14 in [13]). 

For type B hypersurfaces, W 1 - = span{V, <pV}, where V is a principal subspace of di- 
mension (n — 1). The corresponding principal curvatures satisfy A1A2 + c = 0, so that 
{(fAfX = cX for all X e W L and hence M is *-Einstein with p* = 2(n - l)(2n - l)c. 

However, types C, D, and E hypersurfaces cannot be *-Einstein. To see this, using the 
notation of [H], p. 261, we first note that a cannot be since u = ~ would cause the principal 
curvature A 2 to be undefined. Further, principal curvatures Ai and A 3 satisfy the quadratic 
equation A 2 = Aa + c, and hence the corresponding principal spaces are yj-invariant. The 
*-Einstein condition would then require that A 2 = A3 which cannot be true since a ^ 0. 

Thus we have verified Theorem [TJ We now summarize the classification of *-Einstein 
Hopf hypersurfaces as follows: 

Theorem 4. The ^-Einstein Hopf hypersurfaces in CP n and CW L , where n > 2, are precisely 
(i) the Hopf hypersurfaces whose Hopf principal curvature a vanishes, and 
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(ii) the open connected subsets of homogeneous H op f hyper surf aces of types AO, Al and B. 

Remark 3. Note that geodesic spheres (type Al) of radius |r in CP" have a = and thus 
satisfy both (i) and (ii) in Theorem HJ Other than that, there is no overlap. For further 
detail on the structure of Hopf hypersurfaces with a = 0, see [3j and [6]. 

Corollary 2. For a Hopf hypersurface M 2n ~ l in CP™ or CH™, where n > 2, {<pA) 2 cannot 
vanish identically. 

Proof. Suppose that {<pA) 2 = 0. Then M is *-Einstein from Theorem [2j If a = 0, the 
result is immediate from (fl3|) . Otherwise, Theorem [3] says that M must occur in the lists 
of Takagi or Montiel. However, none of the principal curvatures of these hypersurfaces (for 
principal spaces in W x ) vanish. In fact, they all satisfy identities of the form A 2 = aX + c 
or \v + c = 0, so that the eigenvalues of {(fA) 2 on W L are all of the form —A 2 ^ or 
-Az/ = c^0. □ 



4 Conditions on the Ricci tensor 

We recall the notation R(X, Y) ■ T for the action of a curvature operator on any tensor field 
T (see [2] p. 235). For the special case of the Ricci tensor S, 

R(X, Y)-S = R(X, Y)oS-So R(X, Y). 

For a Hopf hypersurface M 2n_1 , where n > 3, the pseudo-Einstein condition is known to be 
equivalent to the following: 

((R(X 1 ,X 2 ).S)X 3 ,X A ) = (16) 

for all Xx, X2, X3 and X4 in W ± (see Theorem 6.30 of [H]). A hypersurface satisfying (fl6|) 
is called "pseudo-Ryan" in the literature. We now discuss this condition for n = 2 and how 
it relates to the pseudo-Einstein and *-Einstein conditions. 

With this in mind, let M 3 be a (not necessarily Hopf) hypersurface in CP 2 or CH 2 . 
Suppose that there is a point p (and hence an open neighborhood of p) where AW 7^ aW . 
Then there is a positive function and a unit vector field X e W 1 - such that 

AW = aW + PX. 

Let Y = ipX. Then there are smooth functions A, fi, and v defined near p such that with 
respect to the orthonormal frame (W,X,Y), 

fa (3 0\ 

A=[p A n . (17) 

\0 fJL V) 

Note that if, on the other hand, M is Hopf, then there still exists an orthonormal frame 
(W, X, Y) near any point, such that Y = (pX and ffTTj) holds with — 0; however, the choice 
of (X, Y) is only unique up to rotation. 
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Using OH]), we compute the matrix of the Ricci tensor S with respect to this frame, to 
get, 

/2c + a(\ + v) - P 2 vfi \ 

S=l up 5c + X{v + a) - (3 2 - p 2 fia . (18) 

y —fip fia 5c + v(X + a) — fi 2 J 

It is easy to check that (1TB]) is satisfied if and only if (R(X, Y) ■ S)X and (R(A, Y) ■ S)Y are 
multiples of W . 

Propositions. With X,Y, (3, [i,v, and X defined as above, (R(X,Y)-S)X and (R(X,Y)-S)Y 
are multiples of W if and only if 

p(/3 2 z/ - a(4c + Xu-fi 2 )) = (19) 

and 

Z? 2 ^ 2 - v 2 ) = (4c + Xu - /i 2 )(a(A - v) - (3 2 ). (20) 

This equivalence also holds at a point where AW = aW , where we take X to be any unit 
principal vector in W L , Y = ipX, and (3 = \i = 0. 

Proof. The X and Y components of (R(X, Y) ■ S)X must be computed. The Gauss equation 
gives the matrix of the curvature operator as 

/ fip v/3 \ 

R(X,Y)=l-nfi Az/-/i 2 + 4c . (21) 

\-u(3 -(Xu - /i 2 + 4c) / 

From this and matrix of S, the calculation is straightforward. Also, since the calculation 
is pointwise, the expressions (JTS]) and (|2Tj) and the conclusion are equally valid at a point 
where AW = aW, when X is taken to be any unit principal vector in W- 1 , Y = ipX, and 
P = fi = 0. □ 

In particular, for a Hopf hypersurface, we have 

Theorem 6. A Hopf hypersurface M 3 in CP 2 or CH 2 is pseudo-Ryan if and only if it is 
pseudo-Einstein. 

Proof. We refer to the pointwise criterion for a Hopf hypersurface to be pseudo-Einstein, 
as given in Proposition 2.21 of [8]. Let p be any point of the Hopf hypersurface M and let 
X G W 1 - be a unit principal vector at p with corresponding principal curvature A. Assume 
that (USD holds at p. From ([20]), we have a (4c + Xv)(X - u) = 0. 

If a = 0, then Xu = c by (1141) . and the pseudo-Einstein criterion is satisfied at p. If a ^ 
and A ^ v at p, then Ac+Xv = near p. Using (TT41) . we get —4c = Mj^a+c so that X+u is also 
constant. Therefore, A and v are constant and a neighborhood of p is a Hopf hypersurface 
with constant principal curvatures. However, the well-known classification of such does not 
admit this possibility. As seen from Theorem 4.13 of [U], such a hypersurface would have 
to be in the Takagi/Montiel list and thus have Xv + c = 0. Because of this contradiction, we 
conclude that A = v at p, and thus the pseudo-Einstein criterion is satisfied there. Since p 
was arbitrary, M must be pseudo-Einstein. 

Conversely, if M is pseudo-Einstein, then either a = or A = v so that the equations in 
Proposition [5] are satisfied, and M is pseudo-Ryan. □ 
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In view of our work in the previous section, we see that for Hopf hypersurfaces in CP 2 
and CH 2 , the pseudo-Einstein, *-Einstein, and pseudo-Ryan conditions are equivalent. We 
now look at non-Hopf hypersurfaces. 

First, we improve Proposition [5j Specifically, we deduce that under the conditions of the 
proposition, we must have fj, — 0. 

Proposition 7. In the notation of Proposition^ (R(X,Y) ■ S)X and (R(X,Y) ■ S)Y are 
multiples of W if and only if ji = 0, and 

/3V = -(4c + Xu)(a(\ -v)- (3 2 ). 

Proof. Suppose that (TT9T) and (1201) hold and /i ^ at some point. Then, in a neighborhood 
of this point, we have 

/3 2 u = a(4c + \u - fx 2 ). (22) 

Multiplying ( l20i) by a, we get 

a/3 2 (/i 2 - v 2 ) = a(4c + \v - /x 2 )(a(A - v) - f3 2 ), (23) 
which, upon substitution from (1221) . yields 

af3 2 (LL 2 -u 2 ) = /3 2 z/(a(A-z/)-/3 2 ), (24) 

Cancelling /3 2 and substituting for fi 2 v from the first equation, we get 4ca = 0. Therefore 
a = v = and ( |23l) reduces to 

/3V = -(4c-/x 2 )/3 2 , (25) 

a contradiction. We conclude that fi must vanish identically. As the converse is trivial, our 
proof is complete. □ 

We now turn our attention to the *-Einstein condition. In a neighborhood of a point 
where AW ^ aW, using the same orthonormal frame (W, X, <pX), it is easy to see from (TT?]) 
that 

/ \ 

(cpA) 2 = -pv Li 2 -\v . (26) 
\/3li /i 2 - \v) 

Then, using (11 01) . we see that p* is locally constant if and only if li 2 — \v is. For a point 
where AW = aW, we let X be a unit principal vector in W 1 - (as before) and let Y = <pX. 
Then there are numbers a, A and v such that equations f[T7|) and (I26p still hold at this point, 
but with /5 = n — 0. 

Although we do not wish to discuss ruled hypersurfaces in depth in this paper, they are 
useful for demonstrating the non-equivalence of the pseudo-Ryan and *-Einstein conditions. 
To be concise, we define a hypersurface in CP n or CH n to be ruled if 

AW ± Csp&nW. (27) 

Geometrically, this means that M is foliated by totally geodesic complex hypersurfaces (i.e. 
real codimension 2) which are orthogonal to W. 
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Proposition 8. For non-Hopf hyper surf aces M 3 in CP 2 and CH 2 , the pseudo-Ryan and 
*-Einstein conditions are not equivalent. In fact, 

• All ruled hypersurfaces in CP 2 and CH 2 are *-Einstein; 

• No pseudo-Ryan hypersurface in CP 2 or CH 2 is ruled. 

Proof. Clearly, a ruled hypersurface satisfies {<pA) 2 = and hence is *-Einstein by Theorem 
El with p* = 2(n — l)(2n + l)c. This fact was observed by Hamada [4]. 

It is also immediate from Corollary [2] that no Hopf hypersurface can be ruled. Therefore, 
any ruled hypersurface in CP 2 or CH 2 , must have a point p with a neighborhood in which 
the setup introduced at the beginning of this section holds with (3^0 and fi = v = X = 0. 
The equations in Proposition [7] reduce to — 4c/3 2 = 0, a contradiction. Thus no pseudo-Ryan 
hypersurface in CP 2 or CH 2 is ruled. (It is easy to check that this also holds in CP™ and 
CH™ for n > 3). □ 

We now derive the conditions for a non-Hopf hypersurface to be both pseudo-Ryan and 
*-Einstein. 

Proposition 9. Let M 3 be a non-Hopf hypersurface M 3 in CP 2 and CH 2 that is both pseudo- 
Ryan and *-Einstein. Then around any point where AW ^ aW there is either 

(i) a neighborhood in which the components of the shape operator ffTTl) with respect to the 
standard basis satisfy \i = X = 0, f3u ^ 0, and 

(3 2 (v 2 -4c) = Acais, (28) 

or (ii) a neighborhood in which fi = 0, a = —Xv is a nonzero constant, and 

/3V 2 = (4c - a) [a (v + ^) + /3 2 ) . (29) 

Proof. Let a = —Xv. Since M is pseudo-Ryan, by Proposition [7] we have fi = and 

/?V = -(4c - a)(a(X - u) - (3 2 ). (30) 
Since M is *-Einstein, ( )26|) shows that a is locally constant. There are two possibilities: 

• If a = then A must be identically zero. Otherwise, there is an open set where v — 
and aX — (3 2 = 0. But this would require that rank A < 1, contradicting a well-known 
fact about hypersurfaces (see Proposition 2.14 of [2]). Setting a = X = in fl3"D|) 
yields 

• If a 7^ 0, then v is nonvanishing, and setting A = —ojv in (|30|) gives (|29j) . Note that 
the constant 4c — a must be nonzero, since a = 4c in (|29|) would imply that v = 0. 

□ 

Based on the conditions derived in the previous proposition, we can deduce 

Proposition 10. If hypersurface M 3 is non-Hopf, pseudo-Ryan and *-Einstein, then (in a 
neighborhood of a point where AW ^ aW ), we have o ^ and a, 0, X constant. 
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This will be proved in Section [6] below. For CH 2 , according to Berndt and Diaz- Ramos 
PQ|, this implies that M is one of the Berndt orbits - either the minimal orbit or one of 
its equidistant hypersurfaces. However, these hypersurfaces do not satisfy the conditions of 
Proposition [7J This can be seen from their principal curvatures which are given explicitly in 
Proposition 3.5 of pQ. On the other hand, all hypersurfaces in CP 2 with constant principal 
curvatures must be Hopf, as shown by Q.M. Wang [18]. Thus, in fact, the kind of hypersur- 
face envisioned in Proposition [10] does not exist and we have the following improvement of 
Proposition 7: 

Theorem 11. In CP 2 and CH 2 the set of non-Hopf *-Einstein hypersurfaces is disjoint from 
the set of non-Hopf pseudo-Ryan hypersurfaces. 

The examples we will construct in §6.31 (see Corollary [3]) show that the set of non-Hopf 
pseudo-Ryan hypersurfaces is non-empty. 

5 Constancy of p* 

It is well-known that for a Riemannian manifold of dimension greater than 2, if {SX, Y) = 
p(X,Y) for all vector fields X and Y, then p must necessarily be constant. One can ask 
similarly if, in the definition (Q of *-Einstein, the stipulation that p* be constant is redun- 
dant. 

When n — 2, (i.e. for hypersurfaces of dimension 3), we find that the condition is not 
redundant. In fact, using Theorem [2], (fTTj) . and (T2"6"l) . we have the following: 

Proposition 12. Every hypersurface in CP 2 or CH 2 satisfies 

(S*X, Y) = P - (X, Y) 

for all X and Y in W L , with £ = 4c + \v - p 2 . 

In particular, for a Hopf hypersurface, we have 4r = 4c+Az/. For a Hopf hypersurface with 
a 2 + 4c ^ 0, it follows from QI3J) that if p* were constant, then each of the principal curvatures 
A and v would have to be constant. Thus, we can obtain examples of Hopf hypersurfaces with 
nonconstant p* by constructing examples with non-constant principal curvatures associated 
to principal directions in W ± . These are provided by tubes over holomorphic curves in 
CP 2 or CH 2 ; in the latter case, a 2 + 4c > 0. In both spaces, we can also construct Hopf 
hypersurfaces with nonconstant principal curvatures using Theorem [13] below, which allows 
us to prescribe the principal curvature along a principal curve perpendicular to the structure 
vector. 

Remark 4. Our result shows that the constancy of p* should be added to the hypotheses 
of Lemma 3.1 in Hamada's paper [I]. 

Before stating the theorem, we will introduce some necessary terminology for Frenet-type 
invariants of curves in M = CP 2 and CH 2 , defined in terms of unitary framesJl] A unitary 

1 The usual (Riemannian) construction for Frenet frames along curves in these spaces, as set forth in 
several papers by Maeda and collaborators [IT], [T2], is not suitable for our purposes, as we prefer to use 
frames adapted to the complex structure. 
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frame at a point p G M is an orthonormal basis [e%, e%, e%, e^) for T p M such that 

e 2 = Jei, e 4 = Je 3 . (31) 

Definition 1. Let / C R be an open interval, and 7 : / — > M a regular unit-speed curve. 
We say that 7 is a regular framed curve if there exists a unitary frame (T, JT, iV, JiV) defined 
along 7 such that 7' = T and the frame vectors satisfy 

T' = k 3T + kxN, N' = -k{F + tJN. (32) 

where the primes indicate covariant derivative with respect to 7' along 7, and k , ki and 
r are smooth functions referred to as the holomorphic curvature, transverse curvature and 
torsion respectively of 7. 

Theorem 13. Let 7 : I M 6e a regular real- analytic framed curve with zero torsion, and 
transverse curvature given by an analytic function k\(s). For any real number a satisfying 
a 2 + 4c 7^ ; there exists a H op f hyper surf ace M with H op f principal curvature a, containing 
7, and for which 7 is a principal curve perpendicular to the structure vector field W with 
principal curvature k\. Any other Hopf hypersurface with these properties will coincide with 
M on an open set containing 7. 

This result will be proved in §6.11 

The existence of a regular framed curve with k Q , k\ and r equal to any given smooth 
functions can be shown by standard arguments about solutions of linear systems of ordinary 
differential equations (cf. Theorem 5.1 in [11]). and these arguments carry over to the real- 
analytic category. Thus, we can apply Theorem [13] to produce a Hopf hypersurface with a 
zero torsion analytic curve as principal curve, with any given analytic function as principal 
curvature along this curve. 



6 Proofs using Exterior Differential Systems 

Let F be the unitary frame bundle of M — CP 2 or CH 2 , i.e., the bundle whose fiber at a 
point p is the set of orthonormal frames (ei, 62, e^, 64) satisfying ( |3TT) . This is a principal 
sub-bundle of the full orthonormal frame bundle, and has structure group U{2). Let u 1 and 
Up for 1 < i, j < 4, denote the pullbacks of the canonical forms and Levi-Civita connection 
forms from the full frame bundle. If / = (ei, en 63, is any local section of F, then the 
pullbacks of the u % form a dual coframe, i.e., 

e^r^ = 5). (33) 

As well, the connection forms have the property that 

V vei = (v-r^) ej (34) 

for any tangent vector v. These forms satisfy the usual structure equations 

dJ = -uj) A uo\ duj) = -uj[ A Uj + $}, 
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where are the curvature 2-forms. On the unitary frame bundle, the connection forms coj 
satisfy the additional linear relations 

3 4 i a 

C0 l = L0 2 , 



Thus, the canonical forms co 1 , co 2 , co 3 , co 4 together with the connection forms cof,uf 
form a globally-defined coframe on the 8-dimensional manifold F. 
The curvature forms are as follows: 

$ 2 = c(Aco 2 Aco 1 + 2co 4 Atu 3 ), 
$^ = c(4w 4 Au 3 + 2u 2 Aw 1 ), 

$4 = $2 = c ( w 2 A ^3 + u i A ^1^ 



,co 2 ,u 3 



For a hypersurface M C M, we say that a section / : M — > F\m is an adapted frame 
along M if ca is normal to M. It follows from fl33l) that /*w 4 = 0, and it follows from (1341) 
that 

/',,/•-'• l<i,j<3, (35) 

where /i^- are the components of the shape operator with respect to the tangential moving 
frame (ei, 62,63). Furthermore, if (W, X, Y) is a local frame along M as constructed in §H 
then we may take e 3 = W 7 , e\ — X and e 2 = Y, and the entries of H are just the entries of 
A from (ITT)) rearranged: 

fx /i A 

= // v . (36) 
\/3 a) 

6.1 An initial value problem for Hopf hypersurfaces 

From ( 1341) and ( 1361) . it follows that an adapted unitary frame along a Hopf hypersurface M 
gives a section / : M — > F such that f*u 4 = and f*(co 4 — au 3 ) = 0. Thus, the image E of 
/ is a three-dimensional submanifold along which the forms 

n 4 n 4 3 

u 1 = uj , U 2 = w 3 — aw 

pull back to be zero. We let X be the exterior differential system on F generated by these 
1-forms (for a given value of the constant a). Then there is a one-to-one correspondence be- 
tween Hopf hypersurfaces M equipped with an adapted unitary frame and three-dimensional 
integral submanifolds of X satisfying the independence condition w 1 Au 2 Aw 3 ^ 0. 

To complete a set of algebraic generators for the ideal X, we need to compute the exterior 
derivatives 



4 A , ,1 , ,4 A , ,2 

mod #1, 62 



d6i = -co 4 A us 1 — oj 4 A co , 



d6 2 = 2(co 4 A co 2 - ceo 1 A co 2 ) + a(co 2 Aco 1 - co 4 A co 2 ) 
Let Qi, Q 2 be the 2-forms on the right hand sides of these equations. 
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For an exterior differential system, a subspace E of the tangent space at a point in the 
underlying manifold is an integral element if all differential forms in the system restrict to 
be zero on E. For example, let u G F and let v G T U F be a nonzero vector; then v spans a 
1-dimensional integral element if and only if v-"0i = v- 1 ^ = 0. 

We define the polar space of a fc-dimensional integral element as follows. 

Definition 2. Let {ei, • • • , e^} be a basis for an integral element E. The polar space H(E) 
of E is the set of all w G T U F such that ^(w, e 1; • • • , e^) = for all (k + l)-forms ^6 1. 

In other words, H(E) contains all possible enlargements of E to an integral element 
of one dimension larger (cf. [5], §7.1) For example, the polar space of the span of vector 
v G T U F is 

H(y) = {0i J 2 ,v-.n 1 ,v-.n 2 }- L C T U F, (37) 
where the _L sign indicates the subspace annihilated by the 1-forms in braces. 

Lemma 14. Let V* C T U F be the set of vectors v such that v -< Q\ = v -> 62 = but 
v — ' (lo 1 A uo 2 A w 3 ) 7^ 0. Then dimi/(v) = 4 /or an open dense subset of V*. 

For v G Vy, we will say that v is characteristic if dim if (v) > 4. 

Proof. Because T U F is 8- dimensional, the dimension of H(y) is 8 minus the dimension of 
the span of the 1-forms in braces in ( |37l) . This in turn depends only on the values of v-'fii 
andv- i fi 2 - Suppose that 



(3* 







p 






s 






a 






b 



Then 



v-»n 2 



a b —p —q 

—2q + ab 2p — aa 2cb + aq —(2ca + ap) 



^2 
CO 1 



Let i? be the 2x4 matrix on the right-hand side. It is easy to check that R has rank 2 
unless 

= 2(ap + bq) - a(a 2 + b 2 ) = p 2 + q 2 + c(a 2 + b 2 ). (39) 

These equations fail to hold simultaneously on an open dense subset of V*. For vectors in 
this set, v-"Qi and v-"f2 2 are linearly independent combinations of ufjU^uj 1 ,u 2 , and hence 
dimif(v)=4. □ 

Remark 5. It is evident from the equations (1391) that when c > the only characteristic 
vectors are those for which a = b = p = q = 0, forming a 2-dimensional plane in T U F. 
(The same is true if c < and |a| > 2/r.) However, when c < and \a\ < 2/r the 
set of characteristic vectors is the union of the 2-dimensional plane and a 4-dimensional 
submanifold, parametrized by a and b (not both zero) and the values of v-^o; 3 and v-"^. 
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As stated above, a Hopf hypersurface with an adapted unitary frame corresponds exactly 
to a 3-dimensional integral submanifold ScF along which the independence condition u 1 A 
w 2 Aw 3 7^ holds. However, an adapted framing (ei, . . . , e^) along a given Hopf hypersurface 
can always be modified by a rotation e\ !->■ cos^ &\ + sin-^ eg, e2 <->■ — sin^ e\ + cosip e 2 for 
an arbitrary angle ip. Under such changes, the corresponding section of F\m moves along 
circle within the fibers of F. On these circles the 1-form uf restricts to be nonzero but 
the remaining 1-forms a; 1 , u 2 , u 3 , u 4 , uf, u 4 , u 4 of the standard coframe restrict to be zero. 
Vector fields tangent to these circles are Cauchy characteristic vectors for X (see §6.1 in [5] 
for more information). In particular, if S 3 is an integral manifold satisfying u 1 Au 2 Au 3 ^ 0, 
then £ is transverse to the Cauchy characteristic circles, and the union of the circles through 
£ is a 4-dimensional integral manifold of X. Thus, M is associated to a unique 4-dimensional 
integral submanifold of X satisfying the independence condition 

u 1 A u 2 A u 3 A uj\ + 0. (40) 

Proposition 15. Let a be any real number satisfying a 2 + 4c 7^ 0, and let I be the exterior 
differential system on F generated by Q\ and 9 2 - Let V : I <-» F be a real-analytic curve 
such that T'(t) G Vh t) for all t e I and T'(t) is never characteristic. Then there exists a 
unique real-analytic submanifold E 3 cF that contains T and is an integral submanifold of 
I satisfying the independence condition ( 1401 . 

Proof. We will apply the Cartan-Kahler Theorem and Cartan's Test for involutivity. (For 
Cartan's Test, see Theorem 7.4.1 in [5]; for Cartan-Kahler see Theorem III. 2. 2 in [2].) This 
will first require investigating the equations that define the set of 4-dimensional integral 
elements of X. 

At a point u G F, a 4-dimensional subspace E C T U F is by definition an integral element 
of X if all differential forms in X restrict to be zero on E. (We will consider only those 4-planes 
E that satisfy the independence condition (T40|) .) In order that the algebraic generators of X 
vanish on E, the restrictions of the 1-forms u A , uf, u; 4 , w| to E must satisfy 

co 4 = 0, oj 4 = aco 3 , us 4 = Xu 1 + fiu 2 , uj\ = fiu 1 + uu 2 , (41) 

for values of A, //, v such that 

2(Az/ - fi 2 - c) - a{\ + v)=0. (42) 

This equation is obtained by substituting (T4Ti) in Q 2 - 

Using the above equations, it is easy to check that the set of integral 4-planes is a smooth 
2-dimensional submanifold of the Grassmannian of 4-dimensional subspaces of T U F except 
at points where A = v = a/2 and fj, — 0. In that case (j4"2"j) implies that a 2 + 4c = 0. 
Thus, our assumption about a guarantees that the set of integral 4-planes satisfying the 
independence condition is a smooth submanifold. Since the Grassmannian has dimension 
16, the submanifold has codimension 14. 

Let u = r(t) for an arbitrary t. Because v = V(t) is non-characteristic and X has no 
algebraic generators of degree higher than two, E = H(v) is the unique integral 4-plane 
containing T'(t). 
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Cartan's Test for involutivity can be formulated in terms of the codimensions of the 
polar spaces for a flag of integral elements terminating in E. To this end, let E = {0}, 
Ei = {v}, let Ei C E3 be any 2- and 3-dimensional integral elements contained in E, and 
let Ck denote the codimension of H(Ek) for k = 0, ... 3. Then Co = 2 (because there are 
only two 1-forms in the ideal), c\ = 4 as computed above, and C2 = C3 = 4 because I has 
no additional algebraic generators. Then, because c + C\ + c 2 + c 3 = 14 coincides with the 
codimension of the set of integral 4-planes, I is involutive and in particular the members of 
the flag are Kahler-regular integral elements. Successive applications of the Cartan-Kahler 
Theorem give the existence and uniqueness of E containing T. □ 

Note that the image under 7r : F — > M of the four-dimensional integral manifold con- 
structed in Theorem [15] is a three-dimensional Hopf hypersurface. In the remainder of this 
section we will solve a geometric initial value problem for such hypersurfaces. 

Proof of Theorem [73J Let r : I — > F be the lift of 7 provided by the Frenet frame vectors 
satisfying ( 1321) . with e\ = T, e 2 = JT, e± = N and e 3 = —JN. We will first show that T 
satisfies the conditions of Proposition [15j 

Because the frame vectors e 2 , e 3 , e 4 are orthogonal to 7', we have T*u 2 = T*uj 3 = Y*uj a = 
0. Next, the Frenet equations (1321) imply that 



(Here, s is an arclength coordinate along 7.) In particular, T is an integral curve of the 
1-forms Q\ = u 4 and 62 = cu| — au 3 . If we set v = T'(s) in ( 1381) then a = 1, b = 0, 
p — Ki, q — 0, and the characteristic equations (|39ll take the form = 2k,\ — a = + c, 
which cannot simultaneously hold because of our assumption that a 2 + 4c 7^ 0. Thus, V is 
not characteristic, and by Proposition [151 there exists a unique integral manifold E 4 passing 
through T. Then M = 7r(E) is a Hopf hypersurface containing 7. Because T*u> 3 = 0, 7 is 
tangent to the holomorphic distribution on M. Moreover, (T43l) shows that V ei e4 = — Kie\ 
along 7, and thus 7 is a principal curve in M with principal curvature K\, 

Conversely, suppose M is a Hopf hypersurface containing 7, in which 7 is tangent to the 
holomorphic distribution. Then there exists a unitary frame along M, in an open neigh- 
borhood of 7, such that e\ is tangent to 7 and e 3 is the structure vector. Moreover, if 7 is 
principal in M, then V 7 /e4 must be a multiple of e\. Thus, the covariant derivatives of the 
frame vectors with respect to 7' satisfy the Frenet equations with r = 0. Hence, the unitary 
frame constructed along M, when viewed as a submanifold of F, passes through the curve 
T constructed above, and M must be the image of the unique integral manifold E 4 through 



6.2 Non-Hopf hypersurfaces 

In this section we will investigate the two joossible kinds of shape operator, given by Propo- 
sition [9] for non-Hopf hypersurfaces in M = CP 2 or CH 2 that are both *-Einstein and 
pseudo-Ryan. The two lemmas given in this section will prove Proposition [101 For a more 
detailed explanation of the method of proof used here, see §6 of [7]. 

Lemma 16. There are no hypersurfaces in M that satisfy condition (i) in Proposition^ 




K\ ds, 



r*w 4 = r*w 4 = 



(43) 



r. 



□ 
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Proof. Using (I35I) and (I36I) . we see that adapted frames along such a hypersurface correspond 
to integral 3-manifolds of the Pfaffian system X generated differentially by the 1-forms 



e = u 4 



e 1 = u\- (3u 3 



6, 



au 3 . 



We define this exterior differential system on F x I 2 , with /3, v used as coordinates on the 
second factor, and a given in terms of these by solving ( ]28j) : 



a 



f3 2 (is 2 - 4c) 



Aci> 



We restrict to the open subset on which and u are both nonzero, and take the usual 
independence condition. 

We compute the exterior derivatives of these generator 1-forms modulo themselves. As 



usual, dOo = modulo 8q 



where 



1 " 




"0 TTi 


2 




7TJ 7T 3 






7T 2 












7Ti = 






7T 2 = 






7T3 = 



6*3, while 



/3 



7T2 



Acv 2 













A 




mod 6»o, • • • , 9 3 


+ 4c)tt 3 ) 




u 3 





(44) 



(3 2 (u 2 + Ac) + 8c 2 
4c 

u((3 2 u 2 (u 2 -2c) + 8c 2 (4 ^ 2 - 3c)) 
2c/3(z/ 2 + 4c) 



• a; 



In this computation, we further restrict to the open subset where v 2 + 4c 7^ 0. (For any 
solution, this condition will either hold on an open subset, or v will be locally constant; we 
will consider the latter possibility below.) 

Inspecting the generator 2-forms given by (l4*4|) shows that, on any solution, tt 2 will be a 
multiple of co 3 , TTi will be a multiple of u 2 , and n 3 will be a multiple of u 1 — (f3/u)co 3 , and 
furthermore each of these multiples determines the others. More precisely, there will be a 
function p such that the following 1-forms vanish: 



04 



TV 1 — pW 



7T2 



p/3 2 (z/ 2 + 4c) 



■ u 



4cz/ 2 

6 = 7r 3 -p(a; 1 -(/3/z/V 3 ). 

To solve for this function, we add p as a new coordinate, and define the 1-forms 84, 85, 8q on 
the open subset of F x K 3 where the nonzero conditions on /3, v hold. The Pfaffian system 
generated by 8 , . . . , 8 6 is the prolongation of X. 
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We compute the exterior derivatives of the new 1-forms of the prolongation. In particular, 
we find 



d9 A A w 2 
d9 6 A (w 1 - {(3/u)u 3 ) 

modulo 9 ,...,9 6 . Because of our independence condition, at any point of M either p 
vanishes or both polynomials in f3 and v in the numerators on the right-hand side vanish; 
moreover, one alternative or the other must hold on an open subset of M. Note that in the 
latter case (3 and v must be locally constant. 

Consider first the case where p vanishes identically on an open subset. Then the 1-forms 
7r 1? 7T 2 , 7r 3 all vanish, as do their exterior derivatives. We compute 

to 3 A dTTi = -il [(3 2 (u 2 - 2c) + 2c 2 ] w 1 A w 2 A w 3 , 

d7l2 = £+£ r/32 (z/ 2 + 4c) + gc 21 ^1 A ^3 

modulo #o, . . . , #3, 7Ti, 7r 2 , 7T 3 . The vanishing of the expressions on the right of both equations 
implies that f3 2 + c = v 2 — 4c = 0, which is impossible. 

Thus we may work in a small open set where p ^ and so (3, v, and a are constant. We 
restrict X to a submanifold where (3 and u are nonzero constants and compute 

Jn Pn\ f3 2 {v 2 + ±c) +8c 2 i 2 . /3> 2 - 2c) + 2c 2 - 6cz/ 2 2 3 

d 3 + -0i J = -— ^ Aw +j8 — w 2 A w 3 

\ v J 4c 2cz/ 

modulo 0Q) ■ ■ • j 03- It is easy to check that the numerators of the terms on the right cannot 
simultaneously vanish. This is a contradiction. □ 

Lemma 17. Any hypersurface in M that satisfies condition (ii) in Proposition^ must have 
a, (3, A locally constant. 

Proof. Let U C F x R 3 be the open subset where the coordinates a, /3, v on the second factor 
satisfy f3 ^ and z/ 7^ 0. On U, let X be the Pfaffian system generated by the 1-forms 

9 = u 4 , 0i = uj{ + (afu)u 1 - (3u 3 , 9 2 = u\-vuj 2 , 3 = uj\ - f3uj l - atu 3 ', 

for a nonzero constant a . Then an adapted framing along a hypersurface M satisfying 
condition (ii), for the given a, generates an integral submanifold S 3 of X. Moreover, S will 
lie inside the submanifold V C U determined by imposing ( )29l) on the coordinates. 

We will first examine the structure equations of X on U, later passing to the restriction 
of X to V. We assume that v 2 + 4c 7^ and v 2 + o ^ on an open subset of E; we will 
address the case where v is locally constant later. (Note that v 2 + a cannot vanish on V, 
since substituting v 2 = —a in ( 129"]) implies that /3 = 0.) 



(/3 V - 4c 2 ) 



2cz/ 



u 1 A w 2 A w 3 , 



£V 8c - z/ 2 + 8c 2 3z/ 4 + 42cz/ 2 - 32c 2 , 2 s 

= p- ' , \ -— w Aw A w 3 

H 8c 2 v (v 2 + 4c 
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The exterior derivatives of the generators of X satisfy d9o = and 



d 



'0i 

03 



a 



a 



a 



Pis 
vr 3 



-TT 2 



711 
7T 2 



-7T 2 7T 3 

7T 2 
7T4 



A 



mod 6q, . . . ,9. 



(45) 



where 



7Ti = di/ 



7T 2 = + 



/3 2 z/(z/ 2 - 2a) + (z/ 2 + q)((c - g> + a{y - a)) 

(7/3 ' 

(/3 2 -c-Z)v + a(u-a) x 



V 



v 1 + cr 



7r 3 = d/3 - (/3 2 + ai/ + c + a + Z)u 2 



7r 4 = da + ( /3(3v — a) + Z 



f3u 



v 2 + a 



CO 



and 

4c/3 2 (z/ 4 + 4(c - a)// 2 - 4cct + a 2 ) (c + o> 4 + (4c 2 + 20m + a 2 )v 2 + 3ca(a - 4c) 
— ; — ~ — — ~ . ; ; . ; 1 



(z/ 2 + a)(z/ 2 + 4c)(4c-a) 



v 2 {v 2 + 4c) 



The structure equations (j4"51) show that there is a 4-parameter family of 3-dimensional integral 
elements (satisfying the independence condition) at every point of U. However, we will only 
consider those integral elements that are tangent to V. 

When restricted to V, the 1-forms 7i"i, . . . , tc^ are no longer linearly independent. In fact, 
they satisfy a homogeneous linear relation 



(Pttx + Q7r3 + J R7r 4 )|y= 0, 



(46) 



where 



P 



f3 2 (v 4 + (4c + 2a)u 2 + a 2 - Aca) 
v{y 2 + a) 



Q = 2/3(z/ 2 + a-4c), R 



{a -4c)(z/ 2 + a) 



v 



(The value of Z is chosen so as to make the right-hand side of (I46p equal to zero.) 

Because the pullbacks of the 2-forms in fj45|) to X C V must vanish, and the restrictions 
of the 7Tj to V satisfy fj4U]) . the pullbacks of the 7Tj to E are determined up to multiple. That 
is, there exists a function p on S such that the pullbacks of these forms to S satisfy 



TTi = p- 



<J 



u 3 - 



v l + a 



(3u 



-oj 



7T 2 = p—UJ , 

a 

7T 3 = piu 1 + St0 3 ), 

7t 4 = piSu 1 + Tu 3 ) 



(47) 

(48) 

(49) 
(50) 
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where S,T are determined by substitution in (|46|) . i.e., 



' /_ + a) -P + Q + RS = 0, — + QS + RT = 0. 



a/3 * a 

Note that, from now on, we will be working on V, taking a to be given by solving ( |29i) . i.e., 

gM^ + cr - 4c) 
(4c - o)(z/ 2 + o) 

Differentiating both sides of (|4"T]) and wedging with w 3 — u 1 yields the integrability 

condition 

[z/(z/ 4 + (2a - 8c)u 2 - a 2 )(3 2 

- (a + v 2 )(Ac - a) ((a + 6c)z/ 4 + (84c 2 - lea - o 2 )z/ 2 - 64c 3 + 28ac 2 - 3ca 2 )]p = 0. 



Similarly, differentiating both sides of (|48p and wedging with u 2 yields the integrability 
condition 

[4z/ 2 (z/ 6 + (4c - a) i/ 4 + (8co- - 3a 2 ) z/ 2 - 4a 2 c + a 3 ) /3 2 

- (a + z/ 2 )(4c - a) ((9a + 4c)z/ 4 + (16c 2 + 92ca - 14a 2 )z/ 2 + 16a 2 c + a 3 - 80a"c 2 )]p = 0. 

Thus, either p = on an open set in E, or v is locally constant. 

Suppose p = 0. Then the 1-forms 7Ti, ...,7T4 vanish on S, and we may derive addi- 
tional integrability conditions as follows. By computing cLtti and dir^ modulo 9q, . . . , 83 and 
7Ti, . . . , 7T4, we obtain 

[z/ 4 (2z/ 2 - 4c - or) /3 2 + (a + z/ 2 ) (4c - a) ((a + 16c)z/ 2 - 12c 2 + 3co)]ty = 0, (52) 

[(4c -a)(a + v 2 ) (2(o + c)z/ 4 + (o 2 + 24co + 8c 2 )z/ 2 + 3co 2 - 12c 2 o) (53) 
+z/ 4 (z/ 4 + 8cz/ 2 - o 2 - 12co + 16c 2 ) /3 2 }W = 0, 

where 

W = 4z/ 2 (z/ 4 + 4(c - o)z/ 2 + a 2 - Aca) (3 2 + (Ac-a)(v 2 +a) (z/ 4 + (4c + 16o> 2 - 12co - o 2 ) . 

Thus, either the polynomial W vanishes, or else both polynomials in square brackets in 
( 152"]) .( 153"]) vanish. In the latter case, taking resultants with respect to f3 shows that v must be 
locally constant. If W vanishes on an open set, then solving for (3 and differentiating W = 
modulo the 9i and ttj yields another polynomial in v which must vanish. Thus, again we 
conclude that v must be locally constant. 

Finally we reconsider the original system X restricted to a submanifold of V on which v 
is equal to a nonzero constant, and hence du = 0. Differentiating the 1-forms of X reveals 
an additional integrability condition, as follows. We compute that 

j fa , ~^ 2 I a *\ f Z-^ 2 I a 1 2v 2 + a-Ac 3 

d\®l-\ 7, #3 A — LU L W 3 



(3v J \ f3u a -Ac 

z/ 4 (-2v 2 + a + 4c) f3 2 + (a - Ac)(v 2 + a) (av 2 + 3co - 12c 2 + 16cz/ 2 ) 1 2 3 

— - ; — LO A U3 A UJ . 

f3v(a - Ac) 2 
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The polynomial in the numerator on the left must vanish. Because this cannot happen if the 
coefficient of (3 2 also vanishes, we conclude that /3 is locally constant on solutions. It follows 
that a, given by (IBTT) . and A = —ojv are also locally constant. □ 



We note that, by doing further computations with this exterior differential system, one 
can show that no solutions with j3 and v both constant exist. 

6.3 Non-Hopf examples with restricted shape operator 

We now construct an interesting class of non-Hopf hypersurfaces M in CP 2 and CH 2 , ob- 
tained by solving a certain underdetermined system of ordinary differential equations. In 
particular, this will show the existence of non-Hopf pseudo-Ryan hypersurfaces (see Theorem 
[JT]and Corollary E]). 

Let M be a hypersurface in CH n or CP", with structure vector field W. At each p 6 M 
we define the subspace Hp C T P M as the smallest subspace that contains W and is invariant 
under the shape operator A. Then M is Hopf if an only if % p is one- dimensional at each point. 
In what follows, we restrict to the case n = 2, and consider those hypersurfaces M where % 
is a smooth two-dimensional distribution on M. This means that we can locally construct 
an adapted orthonormal frame (W, X, <pX) with respect to which the shape operator has the 
form 



and H is spanned by W and X at each point. Note that Y = tpX is thus a principal vector. 
Our next result shows that it is relatively easy to generate examples of such hypersurfaces. 

Theorem 18. Let a(t), /3(t), \(t), u(t) be analytic functions on an open interval I C R 
satisfying the underdetermined ODE system 



with (3(t) nowhere zero. Let j(t) be a unit-speed analytic framed curve in M , defined for 
t £ I , with transverse curvature v(t) and zero holomorphic curvature and zero torsion. Then 
there exists a non-Hopf hypersurface M 3 such that 

(i) the distribution H is rank 2 and integrable; 

(ii) M has a globally defined frame (W, X, <pX) with respect to which the shape operator 
has the form (I54p . such that a, (3, A and v are constant along the leaves ofH, and 

(Hi) M contains 7 as a principal curve to which the vector field Y = ipX is tangent, 
and along which the components of A restrict to coincide with the given solution of the ODE 
system. 




(54) 



a' 




/3 2 + A 2 - 2\v + au + c, 
/(2A + z/)/3 2 + (z/-A)(aA-A 2 



(55) 
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Proof. On F x IR 4 , with a, (3, A, v as coordinates on the second factor, define the 1-forms 

9 = a; 4 , 9 1 = w 4 - Xu 1 - (3uj 3 } Q 2 = u\ - uu 2 , 9 3 = w 4 - f3uj l - au 3 , 

where the u l and are pulled back to the product manifold via projection to the first factor. 
(We will restrict to the open subset of F x M 4 where /3 0.) Then a non-Hopf hypersurface 
M equipped with an orthonormal frame with respect to which the shape operator has the 
form fl54|) can be lifted to a three-dimensional integral manifold f(M) of these 1-forms, by 
letting e\ = X, e 2 = Y, e 3 = W, e 4 = £, and letting the coordinates a, (3, A, v take the values 
of the corresponding components of A. (Note that this integral manifold also satisfies the 
usual independence condition ^A^Au^O.) In what follows, we will derive necessary 
conditions that this integral manifold must satisfy, if M is to satisfy the conditions (i) and 
(ii) of the theorem. 

If V, is integrable then f*(du 2 A tu 2 ) = 0. We compute 

du 2 Alo 2 = (-Lof + Aw 3 ) A u 1 A u 2 mod 9 , 9i, 9 2 , 9 3 . 

If v is constant along the integral surfaces of Ti, then f*(du A u 2 ) = 0. We compute 

d9 2 = {v- \)u 2 Au 1 - pu\ Aw 3 + (f3 2 - A(a - u) - c)^ 1 A u 3 mod 9 , . . . , 9 3 , dv A u 2 . 

So, the last two conditions imply that f(M) is also an integral of the 1-form 

Now we compute 

d9 3 = co 1 A (d/3 - (f3 2 + A 2 - 2\u + av + c)u 2 ) + u 3 A (da -f3(a + \- 3u)u 2 ) mod 9 , . . . , 4 . 

Thus, the condition that a, (3 have nonzero derivatives only in the Y-direction implies that 
f(M) is also an integral of the 1-forms 

9 5 = da - (3(a + A - 3z/)w 2 , 9 6 = d/3 - ((3 2 + A 2 - 2\u + av + c)co 2 . 

Similarly, computing d9\ modulo 9q, . . . , 9 S , and using the condition that A has a nonzero 
derivative only in the Y-direction shows that f(M) is also an integral of 

Q 7 = dX _ ^ (2A + z/)/3 2 + (z/-A)(aA-A 2 + c) 

In order to encode the condition that /*(c^ A u 2 ) = 0, we introduce a new coordinate p 
and define the 1-form 

9$ = dv — pijj 2 . 

This, and the previous 1-forms 9^ are taken to be defined on the open set in F x M 5 where 
(3 7^ 0. The framed hypersurfaces satisfying the conditions in the theorem are in one-to- 
one correspondence with integral manifolds (satisfying the independence condition) of the 
Pfaffian system I defined by 9q, . . . ,9$- 
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It is now easy to verify that this exterior differential system is involutive, with its only 
nonzero Cartan character being si = 1. Moreover, the Cartan-Kahler Theorem implies that 
integral manifolds exists that pass through any non-characteristic 1-dimensional integral 
manifold of X. In particular, any integral curve T along which u 1 = u 3 = but u 2 7^ is 
non-characteristic. We will now show how such a curve corresponds exactly to a curve 7 in 
M satisfying the conditions in Theorem [181 

Given 7, equipped with a unitary frame satisfying the Frenet equations fl32|) . we construct 
a lift 7 into F by setting e 2 = T, e± — — JT, e 4 = N, e 3 = — JiV. It follows that w 1 , w 3 , cu 4 
and uj\ = — u;f pull back to be zero along 7, and cuf, uj\ and ui\ pull back to be multiples of 
1J 2 that respectively are the holomorphic curvature, transverse curvature and torsion of 7. 
Thus, if 7 has zero holomorphic curvature then 7 is an integral curve of cu 2 . We further lift 
the curve into F x I 5 by setting a, (3, A, v equal to the values given by the solution to the 
ODE system, and p equal to dv/dt. Then it is easy to check that the lifted curve V is an 
integral curve of 9 , . . . , 9$- □ 

Corollary 3. Let a(t), (3(t), \{t), u(t) be analytic solutions defined for t E I of the system 
( )55|) . such that is nowhere zero and 



Then the hypersurface M constructed by the previous theorem is a non-Hopf pseudo-Ryan 
hypersurface. 

Similarly, we can use the above theorem, together with solutions to the ODE systems, 
to construct non-Hopf hypersurfaces satisfying fi = and any given algebraic condition 
involving a, (3, A and v. 

6.4 Non-Hopf hypersurfaces with constant principal curvatures 

Theorem [18] provides a new construction for the non-Hopf hypersufaces in CH 2 with constant 
principal curvatures. These have been classified by Berndt and Diaz- Ramos pQ , who showed 
that such hypersurfaces must be open subsets of homogeneous hypersurfaces. Thus, they 
belong to a 1-parameter family of orbits under the action of a certain 3-dimensional group 
of isometries of CH 2 . One member of the family is a minimal hypersurface and the others 
are its equidistant hypersurfaces. 

In Theorem [T8"| we take v to be any constant in the range —1/r < v < 1/r and solve 
(IB3|) for a constant solution. (In fact, a constant solution is possible only when v lies in this 
range.) The shape operator can be written with respect to the frame (W, X, <pX), used in 



/3V + (4c + Az/)(a(A - u) - p 2 ) = 0. 



SI as 




(56) 



where u = rv and v 



(1 — u 2 )z. The principal curvatures are v and 
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On setting r = 2, we see that our result is consistent with Proposition 3.5 of pp. 
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